Cuaprer 4 |
Power Series and Contour Integration

e

4.1. SERIES OF COMPLEX TERMS

A series of the form (a, + ib)) + (@, + ib)) + .+ la, +ib )+ ...
where a,, b, @y, b,, ...... are real numbers, is called a series of complex terms and can be

expressed as
Za,,H'ZbB 1)
n=1

n=1
The series (1) is convergent if £a, and b, both are convergent.
If the series Za, and Zb converge to a and b respectively, then the series (1) is said to
converge to a + ib.

The necessary (not sufficient) condition for convergence of series (1) is lim {a, +ib,) =0.

The series (1) is said to be absolutely convergent if the series
[ay+ib) | + | ag+ib, | + oo + | a, +ib, | + ..... is convergent.

Since | a, | < | a, +ib, | and | b, | < | @, + ib,_ |, we conclude that an absolutely
convergent series is convergent. The converse is not true.

If the series of functions (@) +uglz) + ..+ 2+ = z u,lz) .A2)
n=1l

converges to 8(z) and S, (2) is its nth partial sum, then the series (2) is said to be uniformly
convergent in a region R, if given any positive number t, there exists a positive number N,
depending on € but not on 2, such that for every z in R,

| 8(2)-8,(2) | <e foralle >N,
A series of the form ay+az-a)+ayfz-al+. .. +alz-a)l+

= z a,(z-a)" (3
n=0

is called a power series in (z —a).

If the series (3) is convergent for all values of z satisfying | z —a | <R, i.e., for all values
of z lying inside the circle with centre at z = a and radius R, then this circle is called the ecircle
of convergence and R is called the radius of convergence. .

The power series (3) is uniformly convergent in a region R if there e_xists a series of
positive terms IM_ such that | @ (z —a)" | <M, for all values of 2 in the region R.

This is called Wierstrass M-test for uniform convergence of a power series.
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4.2. TAYLOR'S SERIES
If fiz) is analytic inside a circle C with centre at a, then for all z inside C,
for=® i (z-a)"
fiz) = fla) + (z - a) f'(a) + 22? frla)+...+ = foa + ...
: (P.T.U. 2006)
Proof. Let z be any point inside the circle C. Drawacirc‘le C, c
with centre at a and radius smaller than that of C such that z is an -
interior point of C,. Let w be any point on C,, then
Cc
|z-a|<|w-a| tie, = 2l :
w-a
-1
NI)W', 1 = 1 = 1 1- Eomet
w-2 (w-a)-(z-a) w-a w-a
Expanding R.H.S. by binomial theorem as | 2791 <1, weget
w-a
1 1 2 n
= Wttt e ORI N wiald)
w-z w-a w-a \w-a w-a
-a

This series converges uniformly since < 1. Multiplying both sides of (1) by

2-—1_ f(w) and integrating term by term w.r.t. w, over C,, we get
]

(z —a)? flw)

Y ﬂw)d S flw) o B flw)

emlow-z " 2miow-a 2m Jc, (w - a)? 2n Jc, (w-a)
(z-a)" flw)
+ T ff e . @)
Since flw) is analytic on and inside C,, by Cauchy’s formula,
1 flw)
—¢ ——dw =
2m Jo,w-z =)
n! flw) ’ 1 f(w) f"a)
n, = — —_— d W —_— =
iAlee ey §C: w-a1 " " 2w fﬂ: (w - a)**! 2 n!
From (2), we have
— )2 Y 1
flz)=fla)+(z—-a)f'la) + . 2:1} fra)+ ..+ {Ln?_} ffa)+.. .3

which is the required Taylor's series for fiz) about z = a.
Cor. 1. Putting z = a + & in (3), we get
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Cor. 2. If a = 0, the series (3) becomes
2
A2 =RO) + 2 O) 4 2 £+ ..... + 2 frigy 4 .
This series is called Maclaurin’s series. £

4.3. LAURENT'S SERIES

If fiz) is analytic inside and on the boundary of the ri i
el 5 ng shaped region R bounded by two
;0;10‘9{‘";: circles C, and C, of radii r; and 7y (r; > ry) respectively having centre at a, then for
Zziinn,
fliz)=ay+a,(z-a)+a,(z-aP +.. +a (z-a)j'+a,(z-art+..

1 flw)
here 3 =— C— = =
w "= 2w et dw;n=0,12,..
1
and e 08 dinel, .8, (U.P.T.U. 2008)

" 2mide;, (w-a) ™!
Proof. Let z be any point in the region R, then by Cauchy’s
integral formula for double connected region, we have

g fw . 1 fw

z)=
R 2m o, w-z 2mdc, w-z o
For the first integral in (1), w lies on C,
etk fn=a] fe [2=21c1
w-a
Now . 1 = 1 ; P i
w-a (w-a)-(z-a) w-a w-a

1 z-a e
= [1+ +[z a] iiains ]
w-a w-a \w-a
s i 1 : :
Multiplying both sides by ﬂf (w) and integrating term by term w.r.t. w, along the

circle C,, we get

1 flw) 1 fw) z2-a flw) (z-a)? flw)
—0 —dw=—o d
2m dc,w-2z 2m o, w-a S 2m §Cl(w—ul2dw+ 2m Vw-a)®

=gp+az-a)+az-a)P+ ...

=Za,tz—c}" (2) [ u,,-i -ﬂidw.nzmhﬁ. ...... 1
n=0

2w de, (w - a)**!

For the second integral in (1), w lies on C,

w-a <1

w-a|<|z-a Le.
|w-a|<lz-a| ie, |5=2
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Now ! e (l_ﬂ}
w-z (w-al-(z-a) z-a zZ-0

e 1[1+‘”‘“+[ﬂ]2+ ...... J

z—a[ z-a z-a

Multiplying both sides by El_ f(w) and integrating term by term w.r.t. w, along the
i}

circle C,, we get

) 2 z-a 5o § W - a) flw) dw
T A e 2m£ﬂf(wldw+(z_a)! 2m§c,w a) Aw
1 1
FEmrT BT -a)? d
te-a° 2tu'§r?,(w alfiw) dw + ...
=a,z-ar'+az-cri+az-ar’+....

= Z_:“mfl-ai'" (3) [r O = £t

=t 2m Je; (w - a)

dw,n=1,2 3, }

Substituting from (2) and (3) in (1), we get

Az) = i a,(z-a)" + i a_,(z-a)™"
n=90

n
Note 1. In the statement of Laurent's series, a_ = i§ —ﬂul—q dw # M because fiz) is
" 2m Jo, (w- a) n!

not given to be analytic inside C,.

Note 2. In case flz) is analytic inside C,thena, =0anda, = L flw) - dw= f "ta)
2ni Je, (w - a)*” n!

and Laurent's series reduces to Taylor’s series.

Note 3. If C is any simple closed curve which lies in the ring-shaped
region R and encloses the circle C ;» then

f ﬂ"";rdw=f ﬂwi - dw
C, (w—a)” C(w=-a)"”

sad fé £ lw) dw=§ [w)

2w - )1 C (w - a)™*!

Laurent's series can be written as

1 flw)
= -a)" =—¢ ———duw.
fz) Z %.(=a)", wharea, 2m Je (w - a)™*!

Nm—e
Note 4. The process of finding the coefficient a, by complex integration is complicated. In prac-

tice, we expand the function Az) by binomial theorem or by some other method to obtain Taylor's or
Laurent’s series.

POWER SERIES AND CONTOUR INTEGRATION

1
—_— “-LUSTRATIVE EXAMPLES —
Example 1. Expang 1 ?
xpa m in the region
@l]z]<1 B)l<|z|<2
(V.T.U. 2006; Kerala 2005 )
wile]=a @ O0<|z-1|<1 (UPTU. 2006 2008)
1 1
Sol. Here fz)s—— - 1 1 1 , ;
21 -3+ (z-Dz-2) z-2 2.1 (Partial Fractions)
(@) If| z | <1, then % <1
flz) = ‘——1—-——+%
_2(1_ z] -2z
2

[Arranged suitably to make the binomial expansions valid)

__ 1 _z_l el
= 2[1 2} +(1-2)
2 .3
=—§1[1+§+%+%+ ...... J+(l+z+32+=3+ ...... )
(By binomial theorem)
1.3 15
ok ihd 2t 4+ = 224 i whichis & Taylor’s series.
(b) If 1<|zl<2,then‘— <1 and |- <1
1 1 1(, 2 1 !
: 2= -—=-3(1-%] -3(x-1
A [ 2 z 2 z]

which is a Laurent’s series.

z

@If |z]|>2 then <1and <1

2
2
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=Rk
z z

|
=1(1+g+-4?+—33-+ ...... ]—l[l+l+—z+7+......]
z z £ = z

(By binomial theorem)

=z24320 + Tt + ... which is a Laurent’s series.

(dFor 0<|z-1] <1, wehave
1 T e |
)= —D-1 3-1 1-G-D =-1
e(z-11-M+E-Dez-12+z-1F+...1

2-1

E:mphl.i‘indtiwaerinexpamionofﬁ'z)=maboutz=0intheregian

I ]
(
z

=—G-1'-1--n

) ]z|<2 (2<|z|<3
(M.D,U. May 2007, Dec. 2007)
Sol. Here fiz) 2l .3 8 (Partial Fractions)
23 46r+8 * el z48 -
z
(i) When | z | < 2, we have ';‘ <1 and hence | 3 e B

8

which is a Taylor’s series.

2
(ii) When 2 < | z | < 3, we have = <1 and I';” <1.
Rz)=1+ 32 -
) )
z 3

-
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o 3-8 -6 -
w14 g;, (- n"[%]u -%i (- “_{%],

which is a Laurent’s series.
1

Example 3. Expand —————— La y ; ;
@D+ 2 as a Laurent's series valid for
(ilo<|z|<lI W l<|z|<,f2 i)z | >J2-
(M.D.U. Dec. 2010; P.T.U. 2005}
1 1 1
Sol. Here = = = Partial Fracti
L e v i e

2
(i)WhenO< |z | < l,wehavez“-:landhenoez*czmthat:—z- <1l

1 1 1 P
- —— h-1. A z_
fiz) T ) (1+ 2% 2{].+ 2j
- 1+—2

2 22 2y
=(1—zg+z‘—zs+za-...J-%{l-%+[%] -[52-} +o
=(1—§1J—(1-2l2] 2+[1—%’-]z‘—(1-2i‘]2‘+...
=i (_l}ll—l[l__l';_]zh-z

n=1 2

1 B
(ii)When 1< | z | < Jg, wehavez?>1 and z*<2sothat~z—2 dlandz—z—cl.

-1
1 1 1 0 R | 2
= i i 2(1+z!] F§t1+ 21
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L 2
_— |_1|"'1‘-"-1—I +Z (1 (z +):' Empleli.Expnndtheﬁmrtwn = bl s e
;_E'Z vt e 2z 2
n-1 Sol. Putting z -~ n = ¢, we have
| 1 .
% E‘_ ’ml,a",.,;"lj sinz _sin(n+t) -sin¢
n=l L2 ; z-n 4 t
2
() When | z | > f3 we have 22 > 2 and hence 2% > 1 so that 2 < land;—-:] il t~ﬂ+£f-“.... =_1+_ri_£+ =_1+{z-r()2 _(z-m*
. ‘ vk 5 gy t{ 38! 5! 3t 5 ¢ 3! 5t
ey =— T 3 2]:?[1*3_2] —;“_[“?] Example 7. Expand fiz) = ab 2

P P xam . n e — =-

2% 1 z“’] 2 {1+22} P e fz+1)(z+2) b
) Il.l £ E 1y T 1-£+(—2—-T~[£]3+ Sol. To expand fiz) about z = = 2, i.e., in powers of z + 2, we put z + 2 = ¢
ElEtEESI A ENE) E _ RONTRNE P . T W g

pt 4.3 1 1 2 28 2 - e+ D G-1f W-8 F
= «-————~+—-———-§-+...]—[—-—-+ -——+ ] ~

I = 8 5 =Q\{1+t+t2+r‘+....,.! for0O<|t] <1
2-1 2*-1 2°-1 b aa 2"-1
s % ¥ B T b i -}Qp-ﬁk £\ 2.0, - 2

2! 28 z? a1 %) X L/=—\2+£+t+t )=?+1+t+t+ .......

Example 4. Show that when | z + 1 Ic!.z;’=!+2l’n+ﬂ(z+1)“, \ \ +1+(z+2)+(z+2l2+...‘.. for0<|z+2| <1
'* a=]

. (M.D.U. Dec. 2011) which is the required Laurent’s series.
Bul. st gl (e T4 2

] 2 e
lz+1B-1" (1 (z*’ bl Example 8. Expand — 3 about the singularity z = 1 in Laurent’s series.
=1+2@+D+3E+ 12 +4z+ 1)+ z-1

[By binomial theorem, since | z+ 1 | < 1] e
= Sol.Tuexpandﬂz)-— T about z=1, ie, inpowersof z—1,weputz—1=t¢ or
:1+£("+1H2+D"‘ z=t+1
B 20+ ez
Example 5. Expand cos z in a Taylor’s series ubourz=-:- ful= [ =?’- g
Sol. Here f(Z):l'U“.z f'lﬂ:—kinz [7(z) = —cos Ol R 1 A ez {2‘)2 [2”3 {2!]4
i =—{1+2¢+ - .+ [ s
i ]-w_ ]--_ ;( ) L ,m[f_]= 1 I 21 3t | 41
\4) 2 . ol b b 5 e B
_ 5 2 4 2
Hence “lﬁz=ﬂ2)=fl:g+(z-£]-‘ i L_“:_“?*EJ'E“'M]
]
( np 2\ =e”r - T+ 3 S . L A T 1
[2- z2-= [tz D' (2-D* 2-1 3 3 |
e o Rt 3 4 n 4 -
{.‘z tlz-=|f ry + - f”[—-]+——-___f‘”[£J+ ,,,,,, 4 2 1
; 2 A 3! 4 8[{; D +2z-D2+20e- DregegE-De i
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Example 9. Find Taylor’s expansion of

2% +

[} 7 ﬂbﬂ”f J . -u 1 3 :
r ) _'_"M the pm"' Z2==~t I(fl) 2 abﬂlli l"l(’ j'){]ul‘ =]

1 s . ;
Sol. (i) To expand fiz) =~/ 7 about 2= -i, ie, inpowersof 2 +i. weput z + =y
or z=I[l-i

1 1 1

= N _.2= 2
i+ D [+ (1-0) [(l’i)[1+1_i'f]]

fiz) = T

1 2 3 4¢°
= - 1___.|. _2—-—-—'34-...
-2 1-i 1-9% a-2

=k - ol az+o" !
‘2,,2‘;,( i

3
Y | T L s W

2242 2(z+ 1)
=2z-2+ L + x |By partial fractions|
z z+1
about z =1, ie, inpowersof z—i weputz—i=f or z=1+i
: 1 1
=20+i)-2+—
A - e e A2
-1
- e
. i
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= i (egp-t L0
n=1] in
1 1

i P I 2 t* 2
1+i 1+i A+ Q+d® 7

1 t t? ¢

et + - * e
1+i (1+d* a+d® a+dt

hesed :n-l
=) D —
=1 a+o"
Substituting in (1), we have

. = ol 1 g
=—2+2%+2 =" = gl
M) m-BeBe e+ F, L" : (1“‘)"}

n=1

=-2(1-5J+2(z-i>+z(-1)"-'[l+ 1 ](z—i)"‘“.

st "1+

EXERCISE 4.1

Expand the following functions as a Taylor's series:

1. log(1+2) aboutz =0. 2. sin z about z = . — i
4 (z+ 1z +2)
Expand the following functions in Laurent’s series or Taylor’s series:
1 X " 1
4 ——, for 2. 5. , for1l 3 B i 2
e ¥l s P T it e L
(M.D.U. Dec. 2006)
l_ z
7. ?z.nbwtz-ﬂ- B.—{ en,.aboutzsl (M.D.U. 2005, 2008)
4 z-
9, ~1—, for | z-1] <1
2(z-1(z-2)
1

, forO<|z| <2
ze* -1
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12,

13.

14.

6.

11.

e |
2+2)(z+3)
)]z <2

l—.
(z+Nlz+D
Wlz]<1

i) |z | >3
7z-2
2z+ D(z-2)
(i0<|z+1| <1
(i) |z+1 | =3

when

(fi)2<|z| =<8 (i) |z | >3

when

(itdl<|z| <3

(iw)le<]z+1| <2 (M.D.U. Dec. 2009)

when

)l<|z+1]<3
(M.D.U. May 2009, Dec, 2010)

(z~-2)(z+2)
(z+D(z+4)

in the region

(i)l1<|z| <4 (i) |z | >4

@)z)<1
(U.P.T.U. 2008)
Answers

A B 1 ] 1[ ]2 1[ ]d

i e e 1 == fe—=lz-=] ==|2-Z| ...
pa T v 27§r+[24 7] Nl | il

TE | 1 ) i | - 1 1

] [ L [ = o e = n=1 ¥ — oyn=1
[2 SJ (23 2}; )*(25 FJ[Z ar E[ u [22"" a"]u o
1. % 9% .o 1 1z 1 .,
N e TR . R
2+ 2+ T L +(20 =1t gy L
i -1 T

2n)!

n=]
e{lz—l]'zfiz—ll’+2—l!+&1—!(2—1)+4—1!&—1}2+ ...... :‘
- —i(:—l)z"_‘ 10. z-2 —l-z-l+i_.i+

=l A= 2 A 2 12 720 U

n=1

N XA
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- . - L)
12. (:)'[Z - 1" ‘EZ fe= 1’"(%] ] up 1 —z |-1p"|r!]" -li r-n"[iu]
a=Q a=0 3\‘_‘] \z 3 \3]
1= n=0 j
1< A 1)1 3" -
(i) —| = =1 [—] i (- 1}"{—] T alz+1)
[zgo A~ ’..Zn z) o 2(2'*”26““[ 2 )
o
3 - 2~ (z+1)" 1l ~( 1YV . %
18. () - - (z+1)" -2 ( ] (i) —— < 3 _g 3_*_1_‘
z+1 E 3; 3 s 1§0lt+1 z+1 3"2_0'. 3
SRR ) O L 2 —(3Y
(M)z¢lz[z+1] _z+1+z+lz[z+l]
n=0 n=l
- - el
14. -1+ Z 55 USRS B o PL lu}z o | z"+z -tz
Aa=1 n=1 a=l
(i) 1 + Z =17 (l+4")z",
n=1
RESIDUES

4.4. SINGULAR POINTS
A point at which a function f (z) ceases to be analytic is called a singular point or singu-

larity of f(z). For example z = 2 is a singular point of f(z) = e

4.5. ISOLATED SINGULAR POINT AND NON-ISOLATED SINGULAR POINT

A singular point z = a of a function flz) is called an isolated singular point if there exists
a small circle with centre @ which contains no other singular point of f (z). Otherwise it is

called non-isolated singular point.

For example; consider f(z)= 2z 1
2% -
The function f (2) is analytic every where except at z = — _, | z=-1,1 are the
isolated singularities of f () as there are no other singularities of f(z) in the neighbourhood of

z=-1and 1.

Again consider

1
tan

A

f(z) = cot {g-]=

L]

E R

n - n
It is not analytic at points where tan = Ote, , =nmorz=
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Thusz=1, % l, . 0 are the singularities of f (2), all of which are isolated except z =

in the neighbourhood of z = 0, there are infinite number of other singularitieg
z= 4 where n is Iarge]
n
z =0 is non-isolated singularity of the given function.

4.6. TYPES OF SINGULARITIES

Let f (2) be analytic within a domain D except at z = a (an isolated 9“:'5“]31"“)'). Then
with z = a as centre we can draw two circles C (with small radius) and ¢’ (}“"lih large radius)
within D so that f(2) is analytic within the annulus between C and C. If z is any point in the
annulus then we can expand [ (2) is a Laurent’s series about z = a.

f(@2)= E a, (z-al" + i a,(z-a)"

a=0 n=1

= Z a,(z-a)" *[0-1 z-a)'+asz-a)?+.ta ,(z-a)" + -]
n=0
A1)
It gives rise to three types of singularities
(i) Removable Singularity

If in / (z) the series has no negative power lerms i.e., _,, = 0_y. _, ... = are all zero then

f(2)= z a, (z-a)" In this case z = a is called a removable singularity.
n=0

Note: This type of singulurity can be made to disappear by re-defining f(z) at z=a in such a way
that it becomes analytic at z=a.

sin (2 - a) '
eg, [(@= o has removable singularity at z = a because
sin(z - a) 1 (z-a® (z-a (z-a? (z-a)
—_—r—z-g)r——— ... - ——
z-a 2-0{2 g EGas e

has no term containing negative powers of (z - a). However this singularity can be removed and the
function can be made analytic by redefining the function as follows:
ke
f(z)= — a).Whenxsa
z-a

=] whenz=a

(i) Essential Singularity. Ifin (1) i.e., in the expansion of f (z) the series with negative
powers does not terminate i.e., has an infinite number of terms then z = a is called an essential
singularity of f(z)

A | 1 1 1
8., (z) = s1n - - +
ag. / z-a z-a 3!(z-a)® 5!(z-a)°

. S W TS | -5
=(z-a) 3!l: a) +—5—!(z—a) ...... =

has an infinite number of negative power of z —a

POWER SERIES AND CONTOUR INTEGRATION
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(iii) Pole

221

Ifin(l)ie,inf(z)= z a, (z-a)" + 2 a_,(z=a)™" the series with negative powers

A=l n=l
has a finite number of terms, say m, so that a__# 0 and all further coefficients ie, a

sin(z-a

- )
a_p_ 2O g - BTE2ETO, then z = a is called a pole of order m e.g., f(2) = ar has a pole

(2-
of order 3atz=a.

fz)=

1 ) § g 1 6
o _I(z-a)—ﬁ(z—al + E(r.--f.n a}

|
Lt

It has a finite number of (only two) negative power terms and all other are zero
z=qgisapoleof f(z) of order 3. (a ,=120anda ;=a ,=..=0)

Note. Poles are always 1solated singularitios

4.7. HOW TO DETECT REMOVABLE SINGULAR POINTS

If Lt fiz) exists and is finite then z = a is a removable singular point
r=+a

4.8. RESIDUE AT A POLE

If z = a is an isolated singularity of f (z) then f (z) can be expressed expanded in Laurents
series about z = a,

f(z)= i a,(z-a)" + i a_,(z-a™"
n=0 a=1

= 2 a,(z-a)"+a,z=a) " va - ra,z-) Y+ e
n=0

Then coefficient of (z — a)! i.e, a_, is called the residue of f (z) at z = a and 15
written as
a_ =Res{[/@ . a}

Since a = -é%i‘ﬂzldz

}Jm dz = 21 Res {f (2). a}
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4.9. CAUCHY'S RESIDUE THEOREM
oints inside and on a simple closed curve C, except at q fip;,,

n C, then

If fiz) is analylic al all p inst
number of isolated singular points withi

§ f(z)dz = 2ni (sum of residues at singular points
iy

within C).
Proof. Around each of the isolated singular points

a,, @, ..., a, draw small non-intersecting circles C,, C,,
<eneeny C, lying wholly inside C, with centres atz=a,,a,

a, respectively.
Since fz) is analytic in the multiply connected region
bounded by C, C,, C,, ..., C, we have by Cauchy’s theorem

for multiply connected region.
= dz
ijflzldz ilﬂzldz+fc]ﬂz]dz+.., +§Cnﬂ3’

= 2m [Res ((z), a,) + Res {flz), ay) + .o
= 2mi (sum of residues at a,, @, ..., @,).

+ Res [flz), a,)]

4.10. CALCULATION OF RESIDUES
y’lf fiz) has a simple pole (i.e., pole of order 1) at z = a, then Res (flz), al = lim (z - a) frz).
& e

Since z = a is a pole of order 1, the Laurent’s series becomes
fla)=ay+afz-a)+ayz-aP +.... +a_z-ayl

Multiplying both sides by (z — a), we get
z-a)flz)=ayz-a)+afz-al+a,z-aP +... +a

lim (z - a) f(z) = a_, = Res (fi2), al

r=a

Jz‘)/]fﬂzj has a pole of order m at z = a, then

1 Y L
Res (f(z), a] = R
s (m-1)! lh?: dz™! [(z - a)™ f(z)]

Since z = a is a pole of order m, the Laurent’s series becomes

f)=ay+az-a)+a)z-alP+.... ta,z—a)l+alz-a)?+
+a_,(z -a)™

Multiplying both sides by (z — a)", we get
(z-a)flz) = ﬂu{Z —al + al(z -g)ym+l 4 az[z —a)™2 4
taz-a)"tva z-ay* 2+ .. ¥ 0

or
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Differentiating both sides (m — 1) times w r.t. z and taking the limit as z —+ a, we get

dll 1
‘Lf“ T lz-arflz)l=a_im-1)!

m-1

! —ltz—af"ﬂzll:ud:ResUTzI.a'l_

(m=-1! fL}u dz""!
(3) Another furmula for Res {fiz), al

{z)
A% , where y (2) = (z - a) Flz), Fla) =0
yiz)

Let flz) =

Then Res if (z), al = }iﬂ (z -a)fiz)

(z=a)piz) ..
yiz) " 2a

z-alpla+(z-a)
vla+tiz-al)l

= lim
2=

[Expanding ¢(z) and y(z} in ascending powers of (z —al]

. (z-a)ola) +(z-a) 0 (@) +..]
= lim 0 z
z—a - |Z“ﬂ)
yla)+{z-aly la)+ 21

yla)+...

= (z=-al¢'la)+ ...
(z-a)fol@ +(z-a) ¢ (@) +..] T

= lim
Tz —a,"[w‘ (a) + 2-2:: y”(a)+ -\

-

¢la) = li ol2z)

. ol +lz-al0’ (@) +... _
1-a y'(2)

= lim T = w
i w'la}+—2' v+, ¥4

ILLUSTRATIVE EXAMPLES

Example 1. Discuss the nature of singularities of the following functions:
I

(i)ft'2)=z-s;nzutz=0 (i)f(zi=e" "atz=a
z
i) f () tz="
s ——— 2=
(i) f = sin z—Ccos 2 4
" 3 Z"Sinz_iTZ-ll’_z_a,-r:_.ﬁ--:‘— wl
Sol. () fla)= & =3 ; l\" 3! 5! T! |
2 A
SR
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\:'\ -
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Since there are no negative power (erms of z -

1 ~sin z -
Aliter: Lt 2—3— L0
200 2
1-cosz
= t 2z
=0 3z
- sin 2z _1
- :—0 6z 6

Limit is finite . z = 0 is a removable singularity

1 1 1

1
1 —pi "t =l —m—t——F
L ror=¢ i g—i: 2z =a)®

It has infinite number of negative power termsof z—a ..

(i f (2 = ,;atz:E
sinz-cosz 4

n
Put z=—+t
L

z = 0 is a removable singularity.

form, apply L-Hospital's ryje

|
]

si
[LI. i ]]

1 1
e
3! (z-a)

(PR STNERIE S YpR -
1+(z-a) +2!{z al +3!f_z a) T ...

z=aq1s an essential singularity,

1 1 1
oty = = =
5o P9 n 2 sint 3 45
51“[4 +t}—cos[4+t] V2 sin ﬁ[t_;;_,_%_mm}
1
(2, )
2| 318"
1 LA f¢2 ¢ -‘
= |l —=—+...00 i &
JE:[ [3! 5! ]*.,a: 5! ]""'j
1|11 1 1
S e et e
Ji[f+3! +{_(3|)2 51]‘ e ]
S = m
e Ay ‘ﬁ‘oa“d“z:“:s: - =0 1=01s a simple pole of f(1). Hence z= s

a simple pole of [ (2).

Example 2. What type of singularity have the following
) 82: N :I;
) T (1r) ze

functions:

(m)
E

(M.D.U. May 2011)
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2z e+

Sol. ()

T = & wheret=z-1

& e

!.4

l! 2 3! 4! 5!

t

]

ei

ez[ 2 (@ (2 @t @
—‘l-l-

[

L

-4+z-3+2—2+i‘ +E+_4_;*
3 3 15

2|

Il

3
It has a finite number of negative power terms
a,=¢¢#0 and agz=a,=... =0
= z=lisapole of order 4,

ERENE]
L 2 2 e ¥ 1 1
= 3 ] z — O =
() ze? =z>1+-zﬁ+ - +—z3—!—+ ...... |-z+z‘-v- itk
J

[t has an infinite number of negative powers of z

1
= z=01is an essential singularity of ze
1 1
G 1-¢* "1 z 2¢ 23 1
% l-L R

-1

e L{z —*+2z-1F 422172 +%iz -1 +g+;gt'z i § E

]

-
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It has a finite number of negative power terms
a,=-1#0 and a,=a4=...=0
Also 1 =&=0 = ¢ =1=¢"" nbeing an integer

z=2nmin=021122 ...)

has a simple poles at z =0, £ 2mi, £ 4. ..

1-¢

Example 3. Find the residue at 2 = 0 of

: _ ! S e =_I+e"
(i) f(z) =z cos : (i) f(z) = cosec® z (i) f (z) ey
: 1 1 I 311 =
Sol. (1) f{z)'—:w'»-z-ZZ "2'—!Az—2+nz -----
| (0 LR R |
e — s oo
21z 412"
=z %.z"+ﬁz“"’ ...... L
which 1s Laurent's expansion about z = ()
1
(i|=l1wff.ufzt='§
By definition of residue (art 4.8)
Residue of £ (2) ;!IZZUIS—;
o " 1
(i1) f(z) = cosec® 2= —— = (sin 2) *
(sin z)
2 2f i lr (2% 2% .
= | e £, 0O =]l ———
[ 31 5! 2% | le 5! ]
2
I" fzb 28 (22 2*
_5_2L1+2[31_E +3l§_§+
r ;
:—ﬁ'l+—lz‘2+—:‘+ o
i) 15
L Lo (e ok, ¥
Sttt —Z =2 Tt —2z%+
2315 R
Here a =Coeff.of z'=0
Res of f(z)atz=01s0

1+¢&°

(i) f(z) =

SiNzZ+2C082
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227

2=0is a simple pole of f (z)

z
lie = 1+¢°

Res[f(2). W] = Lt 2.

~0 sinz+zcosz :-08Nz

2

Example 4. Determine the poles of the function f(z) =

each pole.

+Co8 2

F4
(z-1°(z+2)

and the residue ol

GINT UL 2005)

Sol. The function f(z) has a pole of order Zat z = 1 and a simple pole at z = -2

Residue of f(z) atz=11s
g

{
i ol e = tim 2] 2
:h—IPLEz_ ltz— DA :lu.nl dsz+2J

R i O
= lim ——————=
z—1 {(z+2}

Residue of f(z) at z=—-2, is
2

' i o ) z -
= 11.m2 [z + 2) flz)] = ;limE —

F e

Example 5. Find the sum of the residues of the function ftz)=

thecircle | z | =2
3n

n
Sol. The function f(z) has simple poles at z = 0, + 3 + TR

| W— T

inside | z | =2.
: e = sinz _
Residue of fiz) at z = 0 is 111_13}) [z.f(2)] ;h“% e 0

L
Residue of f(z) at z = 21

; {z—ﬁ}si.nz
A k. ¥
,h_l;n"[z‘i]ﬂz}_,h:““ zco8z2
2 2
[z-n]msz+smz
= lim —

n cos2z-2zSInz

= %
2
n, 2
Similarly, residue of fiz) al 2= -5 18 7

22 +4z 5

m——=
:‘—o1[2+2]2 9

nz e
al its poles inside
z

n
. Of these, z2=0, = 2 he

|By L-Hospital's Rule|
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—_
Residue of fiz) avz = § s
(z-3d)re®
im (z- 1) f(2)= lim —2— Form ¢
= $ ..} cosnz 0

2
-1y et i | .1 ital
. i | By I’ Hospital's Rule
1 =msinmnz
2

2-1!2

Similarly, residue of fiz) at 2 =— —21- is =

&
By residue theorem, § £ dz = 2ni (sum of residues)
> C Ccos Mz
vz vz ( 2z -12
e e e o d
= Ot | = s o ==4i =—4l-ﬁlnh‘l.
o s e =
| EXERCISE 4.2
'13 Determine the poles of the following functions and the residue at each pole:
- y 2 1- az
‘-\ 1 223_*] - .,z > . ——-z—-—? 4. :
. F-z-2 z°(z-2) (z-1(z-2) z
s, e’ z 22 -2,

; 1 — JNTU.
224 qt 08 2 (z+ D22 + 4 . e

Evaluate the following integrals:
F4 2 +22-2 ik 3 2 : 9
8. . dz. where Cis a closed curve containing the point z = 4 in its interior.
c z-

1-2
i‘ N St LA L DO, is the eircle | z |

=15 . F
s zlz - 1Nz = 2 15 (M.D.U. Dee. 2006)
z £l + F g l .
. ﬁ.— o= Dtz _ g 22 hers Cinthe circle | 3-2 | = 4. (Madras 2006)

11, f -.._12.;‘—7__& where Cis thecircle | 2 | = 2.
Clz=1%(22+3)

sin nz” + cos w2’

2. ——————d2 where C s the vircl =]
y T evircle | 2 | =3,

(U.P.T.U. 2005; V.T.U. 2006: M.D.U". Dec. 2008)
1-cos2(z-3)

B e -39

.where C | 2-3| =1
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2 e
14. f ﬁi—z- dz, where Cis thocirele | 2 | =15
Cc(1-2)

15. §c ;kg. where (1

I+

12+3i]=2 (n|z|=5 (M D.I". May 2009)
2 -
£ 5]
——————dz, whereC' | 2| ==
s ir -1 (z+2 ‘ 2

2.
17. f — 2l k. whereCilzl=10 (UPT.U. 2009
c

z+ 1?22 +4)

MU SR l2lm
18. f . whereC: |z | ==
C(z-1*(2-2)(z-3) 2

19. ﬁ: si:: o where C 15 the cirele | 2 | = 4
20. f tan z dz, where Cisthecirele | 2 | =2

Answers

1 e -l gD B - e
Losm=12 2220207 $.2=1.2:1.0 4z=0-3

o

y i ; n n 2
B. z=2xmi:x — 6.2=@2n+ 1)7: (- D" (2n + 1) —, where n is an integer
2n 2 2

% z=-1,12£:—%.% 8. 44mi 9. 3ni
10. -2m 11. 0 12. dmifn + 1) 13. dm
: n :
14. 2misec 1(1 +tan 1) 15. '3.0 16. 2ni
2T m
17. 0 18. - _8_ 19. - 2m 20. - 4m

4.11. APPLICATION OF RESIDUES TO EVALUATE REAL INTEGRALS

The residue theorem provides a simple and elegant method for evaluating many
important definite integrals of real variables Some of these are illustrated below

(1) Integrals of the type j:"li‘(eo. 0, sin 6) d6.

where F(cos 6, sin 0) is a rational function of cos # and sin 6.

Such integrals can be reduced to complex line integrals by the substitution z = ¢ so
that
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Y4
dz
dz = ie™ db, i.e., d0= =

e'"*e‘" 1 1) C:|z|’=|
Also cos B =— 2 =§[.3+ ;‘
em_t_-cll 1( 13 ;._ (8] X
s-llﬂ:l':——.—:—.[z'_
21 i\ =z

As 8 varies from 0 1o 2%, z moves once round the umt
circle in the anti-clockwise direction

Y’
ZH+2 : 2—3"

™ reoxs,unpa=§ [ 2 202 |
& L Ficos 8, sin 8) —i. 2 ' & iz

where Cas the unit eirele | 20 = L
The integral on the right can be evaluated by using the residue theorem.

ILLUSTRATIVE EXAMPLES

- dv (P.T.U. 2006)
Example 1. Evaluale i S
1 1 dz
Sol. Put z = ¢" so that cos 8 = E[Z + -z-] and d8 = T
2 de 1 dz _2 1

Then dz

-4 ==l e
24+ cosh r2+l(z+” iz P4z +4z+1
2 z) L= "

where (15 the cirele [ 2 | = 1
The poles of the integrand are the roots of 2 + 4z + 1 =0, which are z = -2 J3.

Of the two poles, only z == 2 + J3 lies inside the cirele C

Residue at 2=-2+ 3 is
0
=lim{z—a1-ﬂl—. where =~ 2+ J3 lForma
Ll 2 +4z+1
1 1 1

=k e I i i
(Nu22+4 20+4 243

By residue theorem, § B ZﬂilLJ= k.8

c22+4z+1 23 3
Hence Ihi—r—? ~z—(£z-—=g[£]=_‘.2;
o 2+cos® iJcz2+dz+1l i\J3) |
Example 2. Fvaluate J‘h——-de——-—_ O<a<].
o 1-2asin®+a’

(Kerala 2005; M.D.U. Dec. 2008, Dec. 2011)
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Sol. Put z = ¢ 50 that sinﬂ.—ll-rz_y‘ anid ‘m_dz_
20l z] - 1z
2
11\9“. Lﬂl__z_@—_=§ — 1 L= dz
-2asin®+a’ Jo 17 1 B
1-2a. | —-) 2 ix
2“3 z.+a
_____§ dz =_§ dz
C a2’ -i(a* + Dz-a C laz - tHz-1a)

where Cis theeircle | 2z | = 1.

: f
The integrand has simple poles at z = - and 2 = ia of which only 2 = ia lies inside the
circle C.

| D=<a<l]
id D : 1 : 1 1
Residue at z=1ais lim (z - ia) = lim =
z-sia laz-ilz-ia) :—waz-i ila®-1
By residue theorem,
§ dz —omi 1 2n
: — = 2m . =
¢ (az - )iz - ia) i@®-10 a%-1

2 ‘
Hence j " dfl S _i !:fz = 2n
0 1-2asinb+a *laz-ilz—-ia) 1-g°

2 in2
Example 3. Pmrr!hmj u&dg 2n (a-Ja® -b% ), where 0 <b <a
i

a+becosd =b_3
Sol. Let [= J'z" sin® 6 =j’=" 1-cos 26
0 a+bcosB 0 2(a+bcosh)

2n _ e
= Real part of r 201_2;_9
o + 2b cos

1 1
Put z = ¢® so that cosB:—(z+—]andd3=f_f
2 F iz
2n —p® i .
e .L 2:113; edﬁzi_ 5 1 d_e-:i %d:
+ 20 cos C ?ﬂ+b!z+ ltz ithz* + 2az + b)
\ Z)

where C is the cirele | z | =1
The poles of the integrand are the roots of b2* + 2az + b =0, 11z

-2aty4a’ -4b® -atya’-b’
2b ) b

22 T3
-a+ ~ -a-ya--b
o = i pr ———

b b

=

Let o=
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Clearly. | B | > 1 so that z = @ is the only simple pole inside C.
Also bz + 20z + b =blz -a)z - B)

Residue at z = o 1s

1- 22 i 152 1=e®
1 — —_—— = llm— =
o ® Bz -aXz-P) :oaiblz-P) ibla-P)

i l ]
al -«
:_L_a_:g{_B—_u)_ | uB:]]
ibla-f)  ibla-P)

By residue theorem,

1-z2 i a® -b? E’E[ [ bz)
i‘ ibz? +2az+b ib*

1-2° 2n 2 ;2
w | = Ke rt of —_— dz=—la-4ya -b* |
Hence I = Real part o R gy bz( v ]

Example 4. hudlm!f.[ Lwherea> | b |.

a+beosB
2a : . o
Sol. Since [“rede=2 K Flx)dx, if f2a - ) = fix)
*  de T de
=2 s (2n—-0)=cos 0
J:uboose J;Mbmg [+ cos (2n—B) = cos 0]
x4 1T de &
=¥ Iﬂa+bcoﬂ9—2 0 a+bcosh

1 1 dz
Putting z = e™, so that cos 0 = 2 {Z + ;] and do = e have

Esﬁgg_=§ 1 £=f 2dz
Jua+bccsﬂ c b[ l]iz ¢ i(bz® +2az +b)
G"'é Z‘l‘z

where C 1s the cirele | 2 [ = 1.
Proceeding as in example 3. residue at z = a is
: 2 2 o
= lim{z-qa). =k =
-a ibz-aNz-P) zoaiblz—P)  ibla-P)
2 b 1

Tb 2o ol b
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By residue theorem,

§ 2dz = Oni 1 i 2n
LT R TN b G %
do m

b a+bcosB Jaz_bz'

’ = f(x)
(2) Integrals of the type - dx where f(x) and F(x) are polynomials in x

Hence from (1),

x f(x)
such that Fx) — 0 as x » = and F(x) has no zeros on the real axis.

Y.
Consider the integral §[: 23 & ?

over the closed contour C consisting of the real axis from C;
— R to R and the semi-circle C, of radius R in the upper
half plane. l

We take R large enough so that all the poles of

(z)
]{,(Z) in the upper half plane lie within C. -R o R X

By residue theorem. we have

f{z)

 Fo) dz=2m [sum of the residues of i-— in the upper half plane

]

F@ (), _ s ]
R dz P — d =
o 3o F@) =+ )a Fix) 9F = 2% sum of the residues of “‘ the upper half P‘me_ A1)

(- on the real axis, z=x)

[f we put z= Re' in the first integral on the left side. then R is constant on C,and as z
moves along C,. 8 vanes from 0 1o 7.

f(z) f(Re' :
c o Z .[n FRe®) ¢ 149
< f(Re p IS Rf(R)
For large R, F(Re‘e Re' id0 is of the order =
(Re")
- :‘(Re‘ul Re'® id6 — 0 when R — =

Hence trom (1), we have

J- % dv = 2m % [Sum of the residues of % in the upper half plane |
£

]
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ILLUSTRATIVE EXAMPLES

o

Example 1. Evaluate r t—_,—ﬁ‘ +b%) dx(a>0,b>0)
-=(x" +4a
(P.T.U 2007; Anna 2005, 2009)

2 ] g
Sol. Consider the integral f : : 2% st covie tuacskinost BN sosintuy
i@ +a?)z* +b%)
of the real axis from - R 10 R and the semi- circle C, of radius R in the upper half plane.
2
2 B z
2 z
wn i} e
;f (2° +a®) (22 +b%) (2% +a®)z* +6°%) R (27 +a®)(z" +b%)

v
oy

-

2
Z

1) To evaluate § P R T T TG
() Toe (22 +a%)(a® +b°)

=
22
3 — Y TR T R ' e N L 24 h2=
Poles of ¢ (2) (22 +a’ )22+ b7) TE givenby Z# +a* =02+ b*=0
e, z=ztuw, tib
of these, only  z=ia and z=b he in the upper half plane.
Residue of ¢ () at 2 = 10

:2

= lim (z -ia) , ——
2 v (z+allz—ta)z" +b%)

- lim i - . —f—
sz ia)z? +6%) 2ia(-a +b%)  2ila’-b?)

Residue of 9 (2) at 2 = ib

2
= hm (z - ib) .

£ -sih *va®)z+ib)iz-ib)

lim 2* s b ~ -b
i=ib (2% +a®)(z+ib) (-b% +a2)(2b) 2ila’-b?)

By Cauchy Residue Theorem
2

z
Cf{;ﬁ +a?)iz® +b%)

dz = 2m [Sum of residues of ¢ (z) within ]
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N P PR - E= a-b | =n e
[2ua‘~b=. 2l -b2) | ﬂ\az—bz,l-avb (2)
i = 2* ; 2
(u)NuwI —— —dz - JN S A .
® (22 +a?)(z2 + b2) - (13+a"’uxz+b";dx il

["- Along x-axis, z = x and ¥ varies from =R 1o R where R — =|

2
AU = e — :
(m}-'\lmt_[ zX+a?)(2? +bzldz Put z = Re' (any point on (7))
o RZ20 oo
J-,, (R%2" 4+ a2 )(R% 1+ 57) Re®id6
™ lRJ i
=I° 2 20 a? e-;. 2i0 b!__da
R[e +RZ]R [e"rnz]
o ieh®
—L = Z‘dﬁ—oOasR-\»w
R o%® a” o2 |
R‘Z R?J
2
4
é'; !z*+a’}(zs+b2)dz s 4

2
llencer ——x———_dx = &
= (x2+a?)(x? +b?) a+b

= dx
Example 2. Er: "P.T.U. 2007
ple uu‘uah’]; = (UP.T.U. 2007)
“ dx 1 dx [ J T
Sol. JD == Tj_'; o L ja ﬂx}d.t-2£ flxidx 1I‘ﬂ1nseven]

(1)
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= J’“ Re™ .ido " Iﬂ ie”de 2008 R e
“h R e 41 3f sio 1
L
[ & <o -6
G 2 +1
From (2), (3), (4) and ()
n ” dx
=1 e
V2 = J'—-* xt 41
n - e 2
= —_ =2 —— Usin
& L 5 [Using (1))
o = S 8
) o x%41 2J§
The above method can also be applied to some cases, where f(x) contains trigo-
nometric functions (sin ax or cos ax) i.e., integrals of the type : B;a)x dx or
=1 x
b dx, where a = 0.
- Fix)
Example 3. Fvaluate Jm “:9 o dx (az0)
o
Sol. J’: CT 9 dx = Real part of .r dx
x°+1 xP+1
(.ldz
t'un:-ulr’rf ———dz . where C consists of
Czt+1
(1) the semucirele C) of radius R m the upper half plane
(i) the real axis rom -Rw R
s ar R W
—dz=§ g—dz+[ F—dz )
C z°+1 C,z°+1 -Rz"+1
. nz
(1) To evaluate f dz
€241

Poles of the integral are givenby 22+ 1=0 = 2z2=%{
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Only 2z = i lies within C

Residue al z =1 (pole of order one) = Lt (z-i) e . t L
i '+ a=izei 2
Iﬂd’ e -a
§L z dZ 2ni, E- = e 9
(;’f)Tuwu]uarpf 7——dz Putz=Re*
Ciz®+1
Noé S zm =Re‘°‘ eu’aRtme-.ainm B eie_emﬂw&_e-uxsmu
= I 2_i20 ]
R +1 R.[-e""‘3+ 1
{: R2]
e ialcon ,
Since |e - |— lcos (@R cos @) + i sin (aR cos 8)] . 1< ]
|e—mknm0|51 ezie*in#o
R? |
elﬂl
z2——— 0 oo
- 1s R —

wr

e
- dz
jC.z‘!+1 40

i

o R ¢ i
( ——dz=[ £
e J-Rzz-l-ldz -'—--=:r2+].d-r

--A2)

h

(4)

[+ Along x-axis, z = x and x varies from — R to R where R — o]

From (1), (2), (3), (1) mee=0+[ -2
r-‘xifl
. em
dx = -
[ ne
cos
r axdx Real part qu —dx = e ?
- x? “x® 41
cos ax 1= cosax .-
dx=— =
-[:xgq-l % 2-[--'-.:21-1‘“ i
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EXERCISE 4.3

Evaluate the following integrals by contour integration:

—

2n 46 an de b
&8 2. a9 . wherea> | &
= o H-3cosh L a+bein @
(U.P.T.U. 2009)
3 r’ 0830 _ 19 (M.D.U. Dec. 2010) r"-—wﬂg— (U.P.T.U. 2007)
" )y 5-4cosn e o 5+4cosB
n db r“ B L L 20d9 (0<ca<l)
o J; l—lrmuﬂfr“m(r‘h o 1- 2a cos 8 + a®
(Madras 2006; J.N.T.U. 2006) (M.D.U. May 2007)
A = _do 1
| 0} 8. — (a®< 1)
.I-u a+beost ot l+acos®
" 40 J‘" add
.- N La>0) (UP.T.U 2
o 17-8cos0 A 0 n2+sin20 006)
2 e n de
IS 12._[ i)
J-I'I (5 - 3 cos 0)° ] lfu:afb\'.mlifi}2
L 2% cos®
13 o 5-4sin8 " 3 +sin@
C["1+2c080 bf"“ma
15. (@) 5 dcos0 ®) )y 3+cos®
2n  gin?0
16. 0 e 17. r (M.D.U. Dec. 2006)
o H-4cos6 (x* +l){: +4ﬁ
2 -
8 [ 19, fb‘ (L.N.T.U. 2006)
- xt410x° +9 w—xt+1
20. J;" = r
x +1 0 x +
(JN.T.U. 2005 M.D.U. May 2006) (M.D.U. 2005, 2008)
. dx s
22. [ %, (MD.U. Dec. 2009) 23, ra—’d;—f
0 (a* +x°) 0 (x° +9x" +4)

r dx r <
24. (M.D.U. Dec. 2010) e —
(x* +1)" = - (14 %)

POWER SERIES AND CONTOUR INTEGRATION
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Answers

2

i =
2

o 22, 1. ;‘_‘ =
- l: a? . g_;
14.0 15, (a) 0
= 18. 2
2 =y
25. %




